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The present work is devoted to the study of cryogenic nitrogen jets in sub- and supercritical conditions. A
general trend to operate under increasingly higher combustor pressures is observed in rockets, gas turbines, and
diesel engines, primarily as a result of enhanced effects on thrust, power, or ef� ciency. In these conditions the
injected � uid(s) can experience ambient pressures exceeding the critical pressure(s) of the propellants, and recent
experimental work of Chehroudi et al. showed a quantitative similarity to gas-jet-like behavior (Chehroudi, B.,
Cohn, R., and Talley, D., “Spray/Gas Behaviour of Cryogenic Fluids under Sub- and Supercritical Conditions,”
Paper, July 2000; Chehroudi, B., Cohn, R., and Talley, D., “Initial Growth Rate and Visual Characteristics of a
Round Jet into a Sub- to Supercritical Environment of Relevance to Rocket, Gas Turbine, and Diesel Engines,”
AIAA Paper 99-0206,Jan. 1999). This conclusion suggested that it would be expected that the mathematicalmodels
and numerical methods used for gaseous � ows could also be used for supercritical � ows. This paper reports an
investigation, exploring this hypothesis, and aims to evaluate the capabilities and limitations of a computational
method developed for incompressible but variable density � ows when applied to supercritical conditions. The
predicted initial jet growth rate was compared with available experimental data for liquid/gaseous jets and mixing
layers and showed a good agreement for different supercritical density ratios. For subcritical conditions, when
the � ow deviates from the gaseous-like behavior, and approaches a more spray-like behavior the incompressible
gaseous � ow formulation was found inadequate.

Nomenclature
C¹ = coef� cient in turbulence model
D = diameter of the jet
F = mixture fraction
k = turbulent kinetic energy
Pn = normalized pressure (pressure ratio D p1=pcr)
p = pressure
Re = Reynolds number
r = radial coordinate
SÁ = source term
U = axial velocity, U D QU C u 00

V = radial velocity, V D QV C v 00

X = axial coordinate
± = jet thickness
" = dissipation of turbulent kinetic energy
ºt = turbulent kinematic viscosity
½ = density
Á = generalized variable
! = density ratio (½1 /½0/
0 = diffusion coef� cient
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Subscripts

cl = centerline values
cr = critical values
0 = jet exit conditions
1 = chamber ambient conditions

Superscripts

QÁ = Favre average of Á
NÁ = conventional average of Á

00 = Favre � uctuation
0 = conventional � uctuation

Introduction

T HE present work is devoted to the study of cryogenic nitrogen
jets in sub- and supercritical conditions, which has become

a major domain of research with challenging fundamental aspects
attracting increasing interest. A general trend to operate under in-
creasingly higher combustor pressures is observed in rockets, gas
turbines, and diesel engines, primarily as a result of enhanced ef-
fects on thrust, power, or ef� ciency. In these conditionsthe injected
� uid(s) might experience ambient pressures exceeding the critical
pressure(s)of the propellants. For example, in the cryogenic liquid
hydrogen/liquid oxygen space shuttle main engine the thrust cham-
ber pressure is about 22.3 MPa, whereas thrust chamber pressures
for the Vulcain (Ariane 5) engine have been recorded to reach up
to 10 MPa. Both of these pressures exceed the critical pressure of
Pcr D 5:043 MPa for liquid oxygen. In these applications the initial
temperatureof the oxygencan initiallybe below the critical temper-
atureof the oxygen(Tcr D 154:58 K) and then undergoa transitionto
a supercriticaltemperatureas the oxygen is mixed and burned in the
combustionchamber.The distinctdifferencebetweengas and liquid
phases disappearswhen the pressureexceeds the critical pressureor
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temperatureexceeds the criticalmixing temperature for single com-
ponent � uids. Surface tension and enthalpy of vaporization vanish,
and large variations in the density, thermal conductivity, and mass
diffusivity occur near the critical point.1;2 For the multicomponent
� uids the solubility of the gas phase in the liquid phase increasesas
pressure approaches the critical pressure, and mixture effects need
to be taken into account in calculating the critical properties. The
critical properties of mixtures are referred to as the critical mixing
temperature and the critical mixing pressure.

Some experimental and theoretical investigations3;4 have been
carried out on cryogenic jets. These studies have been concentrated
on the structure of the jet under trans- and supercritical conditions
and involved mainly visualizationtechniques. They reported a gas-
jet-likevisualappearanceat a supercriticalchambertemperatureand
pressurewith no evidenceof droplets,evenwhen the jetwas initially
cool enough to be densi� ed. More quantitative studies5;6 have also
been performed using Raman scattering, and they have shown the
thermodynamic state of an injected supercritical � uid was of prime
importance in determining the jet growth, not the injection velocity
or momentum. These studies provide an important qualitative pic-
ture of these kinds of � ows, but only recent works1;2;6¡8 have given
some information adequate for modeling purposes. At supercritical
pressures, not only do jets have the same appearance of a turbu-
lent gas jet, but they have the same growth rate as incompressible
variable-density turbulent jets. So, the more evident concepts and
models working well for liquid sprays should fail in predicting jet
� ows in trans- and supercritical region. An alternative is to com-
bine the classical Lagrangian–Eulerian (two-phase � ow) approach
with an Eulerian implementation to treat a multicomponent � uid
(e.g., Yang9/. The main dif� culty of this “generalized” method is

Table 1 Summary of test conditions

T0, ½0 , ½1 ,
Case Pn Re k kg/m3 kg/m3 !

1 0.91 75.281£ 103 100 702.5 34.8 0.0495
2 1.22 66.609£ 103 100 708.1 46.6 0.0658
3 2.71 42.830£ 103 100 730.8 102.9 0.1408

Fig. 1 Flow con� guration: – – –, solution domain.

the representationof mixture properties that requires a microscopic
analysis of the � uid. These methods would be applicable to the full
range of thermophysical regimes, but their success it is still limited
because of a lack a validated theories.9

Following the conclusions of the experimental work, the present
paper reports a numericalstudy of cryogenic jets injected initiallyat
subcritical temperature into an environment at a supercritical tem-
perature over a range of subcritical and supercritical pressures and
aims to evaluate the capabilities of a computational method devel-
oped for gaseous � ows when applied to supercritical conditions.
The approach adopted here has been applied to variable density
jets, and its performance is evaluated and reported to the present
case of supercritical jets.

The � ow con� guration is shown in Fig. 1. The cryogenicnitrogen
jet (LN2/ is injectedinitiallyat subcriticaltemperatureof 100–110K
into an environment at an ambient temperature (300 K) gaseous ni-
trogen (GN2/ over a range of subcriticaland supercriticalpressures.
The exit diameter jet is 0.254 mm. The run cases are summarized
in Table 1.

The normalizedpressure Pn is de� ned to be the ratio of the cham-
ber pressureto the criticalpressure(Pcr D 3:39 MPa; Tcr D 126:2 K),
and the Reynolds numbers is based on the jet exit conditions. The
next section gives details of the mathematical model. The Results
section presents quantitative comparison of numerical results with
the measurements and theories. The � nal section summarizes the
main � ndings and conclusions of this work.

Mathematical Model
Governing Equations

The method to solve variable density jet � ows is based on the
solution of the conservation equations for momentum and mass.
Turbulence is modeled with the k–" turbulence model. A similar
method has been used for three-dimensional10 or axissymmetric
� ows,11¡13 and only the main features are summarized here.

In the conservationequationsmass-weightedaveragingis applied
to avoidthe appearanceof many terms involvingdensity� uctuations
for which additional models are needed. A mass-averagedquantity
is de� ned using Favre averaging:

QÁ D ½Á= N½ (1)

For the governing equations the standard parabolic truncation is
employed.The mass-averagedpartialdifferentialequationsgovern-
ing the steady, variable density axisymmetric � ow can be written in
cylindrical polar coordinatesas
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and the continuity equation as
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To describe mixing of gases, the mixture fraction F that repre-
sents the mass fraction of the nozzle � uid is introduced. It obeys a
convection-diffusionequation of the form
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In k–" turbulencemodel theReynoldsstressesare expressedin terms
of the local strain rate:
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with

ºt D C¹.k2="/ (7)

The scalar � ux in Eq. (5) is approximated with a gradient transport
assumption
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@xi

(8)

From the foregoing we can deduce the parabolized set of
equations in cylindricalcoordinateswhere the generalizedequation
is
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where QÁ can stand for any of the velocities, turbulentkinetic energy,
dissipation, or scalar property, and SÁ takes on different values for
each particular QÁ, described in detail by Sanders et al.11

The mean densitycan be obtainedfrom the mean mixture fraction
using the equation of state. With constant pressure this leads to

1= N½ D QF=½0 C .1 ¡ QF/=½1 (10)

where density � uctuations have been neglected. This is allowed in
isothermaljetsbecausethe instantaneousdensity, for which Eq. (10)
is exact, is approximatelya linear functionof the instantaneousmix-
ture fraction. For reacting � ows, this is not true, and a probability
density function (pdf ) of the mixture fraction can be used to calcu-
late the mean thermochemicalvariables such as the mean density.11

In the present (supercritical) case and according to the hypothesis
of gaseous jet-like behavior that motivated this work, we assumed
that the jet vaporizes instantaneously, and the � uid in the chamber
is treated as a mixture of two gaseous substances with densities
equivalent to the jet exit and the initial ambient conditions. This is
consistent with the present hypothesis and is supported by the ex-
perimentalobservationsof Refs. 6 and 7, which showedno evidence
of droplets and a fast change of the � uid structures at the instant of
mass injection of rapidly thereafter.

Numerical Method

The governingequationsare solvedusing a parabolizedmarching
algorithm that resembles the (elliptic) TEACH code.14 The compu-
tations are performed by using the continuity equation to obtain the
radial velocity V . Using the radial momentum equation for V and
solving a pressure correction equation for V in radial direction did
not show any difference with the use of the continuity equation.11

The approachadoptedhere has been applied to variabledensity jets,
and its performance is evaluated and reported to the present case of
supercritical jets. The computer code was not written for this sit-
uation, and special attention was required to avoid oscillations or
divergence of the iterative process as a result of the high-density
gradients. To control the numerical problems, different grids were
tested, and high underrelaxation for the momentum equations was
used (up to 90%).

Boundary Conditions

The computationdomainhas four boundarieswhere theboundary
conditions are speci� ed (see Fig. 1). The sensitivityof the solutions
to the locations of the boundaries was investigated, and their � nal
position is suf� ciently far away from the jet so that the in� uence on
the computed results is negligible.

The boundary that contains the jet exit is located at X D 0. For
0 < r < D=2 (jet exit) a constantvelocitypro� le based on the exper-
imental valueswas used for the axial velocity,and the radial velocity
is zero. The mixture fraction is one at the jet exit, which indicates
the “� uid” at the instant just before the gaseous state. For r > D=2
a “free boundary” is prescribedby setting the pressure constant and
obtaining the velocity components from continuityand momentum.
This boundary condition was required to simulate the experimen-
tal conditions,but requires strong underrelaxationto avoid stability

problems.The turbulentquantitieswere prescribedat the jet exit us-
ing a turbulence intensity of 0.1% and a length scale equal to the jet
diameter and a velocity scale equal to the mean jet exit velocity.Dif-
ferent values of the turbulence intensity do not affect signi� cantly
the downstream � ow developmentbecause a constant velocity pro-
� le at the jet exit is used (for example, see Barata15/.

On the symmetry axis (r D 0) the normal velocity vanishes, and
the normal derivatives of the other variables are zero.

At the out� ow boundary (X=D D 60) the gradients of all of the
dependentvariablesin theaxialdirectionare set to zero.For the axial
velocity component a second adjustment is done to ensure global
mass conservation,which is required so that the pressurecorrection
equation has a solution.15

At the boundary that is parallel to the symmetry axis and con-
nects the inlet and outlet planes, the free boundary just mentioned
is used.

Results and Discussion
The numerical predictionspresented in this section are compared

with measurements1¡3;16 and theories.17¡20 The main objective is to
evaluate to which extent the qualitative and quantitative similarity
to gas-jet-like behavior reported by Chehroudi et al.1;2 is veri� ed
numerically when a computational method developed for gaseous
variable density � ows is applied to supercritical conditions.

The axial velocity decay is used to test the grid dependency of
the computations. Figure 2 compares the evaluation along the axis
of symmetry of the velocitydecay for differentgrid sizes and shows
that the results are already independent of numerical in� uences for
27 £ 37 grids. Nevertheless, to increase the precision on the evalu-
ation of the half-width of the jet a � ner grid of 33 £ 44 points was
adopted.

Figure 3 shows typical velocity and scalar � elds of the jets under
subcritical and supercriticalconditions.They correspondto a liquid
nitrogen jet having a critical pressure of Pcr of 3.39 MPa at a sub-
critical temperature of 100 K injected into an ambient of gaseous
nitrogen at a � xed supercritical temperature of 300 K and pressures
of a) 0.91Pcr and b) 2.71Pcr . The mixture fraction and density con-
tours show clearly the rapid change of the jet structure near its exit
(X D 0) for both cases, although axial variation for the supercritical
conditions is even more pronounced. Furthermore, the length and
thickness of the dense core decreases as the chamber pressure in-
creases (see Fig. 4) and approaches the values observed for a pure
gaseous jet. Other parameters are usually used to describe the struc-
ture of gaseousjets and shear layers such as the axial velocitydecay,
the widths of half-maximumof the density and velocity, and the jet
growth rates (e.g., Abramovich17/. These parameters show in gen-
eral a linear variationwith the axial distancewhen the � ow becomes
fully turbulent and the radial pro� les of the axial velocity become
similar 8 to 12 diameters downstream of the jet exit. In the next

Fig. 2 Grid size dependency test based on the axial velocity decay.
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a)

b)

Fig. 3 Velocity and scalar � elds of the jets under a) subcritical
(Pn = 0.91) and b) supercritical conditions (Pn = 2.71).

paragraphs these type of parameters are used to analyze the linear
growth of the subcritical and supercritical jets. To allow compari-
son with the experiments, all of the jet growth rates are converted
to “visual” growth rates using the ratio between the measured and
visual thickness proposed by Papamoschou and Roshko.19

Figure 5 compares the nondimensionalized axial velocity pro-
� les for a) subcriticaland b) supercriticalconditions.The analytical
solutions of Tollmien and Goertler (see Ref. 18 for details) for tur-
bulent axisymmetric free jets are also represented in the � gure. The
analysis of a large number of experimental data have shown that

Fig. 4 Axial variation of centerline density.

a)

b)

Fig. 5 Nondimensionalpro� les of the mean axialvelocity: a)Pn = 0.91,
subcritical; b) Pn = 2.71, supercritical.

near the axis (r=r1=2 < 1) the Goertler curve is slightly superior to
the Tollmien curve, whereas in the outer regions (r=r1=2 > 1) the
Tollmien curve agrees with the measurements much better than the
Goertler-type curve. This behavior can also be observed in Fig. 5a
for the subcriticalconditions(Pn D 0:91) for X=D > 20. For super-
critical conditions (Pn D 2:71) the nondimensional axial velocity
pro� les are coincident with the Goertler curve near the axis for
X=D > 15, and in the outer region they are also closer to this curve
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(Fig. 5b). Figure 6 shows the axial velocity decay along the center-
line. The curves exhibit a linear portion that begins closer to the jet
exit when the normalized pressure increases. This is in agreement
with the similar velocity pro� les presented in Fig. 5. For Pn D 0:91
(Fig.5a) thevelocitypro� lesbecomesimilarfor X=D > 20,whereas
for Pn D 2:71 (Fig. 5b) they are already similar for X=D > 15. The
results also show that the velocity decay along the centerline in-
creases when the normalized pressure increases but with a smaller
rate than the Goertler or Tollmien curves. This result indicates that

Fig. 6 Centerline velocity decay.

a)

b)

Fig. 7 Full width of half-maximum of the a) density and b) velocity.

the computational jet growth rates cannot be obtained from the ax-
ial velocity decay as in an isothermal turbulent jet. A similar con-
clusion is presented by Oschwald et al.5 from experimental data.
These authors have shown that the thermodynamic state of an in-
jected supercritical � uid was of prime importance in determining
the jet growth rate and not the velocity or momentum. In fact, the
more signi� cant changesoccur in the shear layer surroundingthe jet
where the largest gradientsof density exist. It could then be inferred
that only the jet spreading calculated from the density half-widths
would give representative values, but, actually, as shown in Fig. 7,
the full width of half-maximum of the velocity agrees quite well
with Tollmien and Goertler curves for gaseous jets and con� rms
the similarity of the velocity pro� les already mentioned. Further-
more, a completely different result is obtained using the full width
of half-maximum of the density pro� le, and no linear variation can
be clearly identi� ed. The reduction of the potential core already
mentioned before is associated with an enhanced mixing between
the jet and the surrounding� uid near the jet exit. As a consequence,
the jet growth can be noted for a smaller axialdistance.In this region
a major deviation from the gas-like behavior can be inferred by the
full width at half-maximum of the density, which decays instead of
assuming a constant value of D1=2=D D 1 (e.g., Abramovich17).

In Fig. 8 the jet width de� ned and related to the visual shear-
layer thickness by Papamoschou and Roshko19 is represented. The
jet growth rates can be obtained from this � gure by calculating the
tangent of the divergenceangle and are plotted in Fig. 9. This � gure

Fig. 8 Jet width growth along the centerline.

Fig. 9 Tangent of the spreading angle vs chamber-to-injectant density
ratio.
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shows the in� uence of the chamber-to-injectant density ratio into
jet spray or mixing layer divergence angle. At density ratios large
enough to correspond to supercriticalchamber pressures, when the
jet appearance was found to visually resemble that of a turbulent
gas jet, the predictionsare in agreement with the equation proposed
by Chehroudi et al.1 and closely follow the tendency of the theo-
retical equations proposed by Dimotakis20 and Papamoschou and
Roshko,19 both for incompressible variable density layers. As the
densityratio was decreased,the growth rate also decreases.At a cer-
taindensityratio correspondingto chamberpressurenear the critical
pressure, the predictions are still in agreement with the preceding
equations and measurements.1;6 As expected, if the density ratio
is further decreased below the transition value some disagreement
with the experimentaldata of the Chehroudi et al.1;2 and Woodward
and Talley6 will be observed because the jets approach the spray
behavior.

Conclusions
A computational program developed for gaseous and variable

density � ows was used to study cryogenic jets injected initially at a
subcritical temperature into an environment at a supercritical tem-
perature over a range of subcritical and supercriticalpressures.The
aim was to evaluate its suitability to predict this type of � ow. The
cryogenic nitrogen jet was injected initially at subcritical temper-
ature of 100–110 K into an environment at ambient temperature
gaseous nitrogen over a range of subcritical and supercritical pres-
sures. The approach adopted here has been applied to variable den-
sity jets, and its performance was evaluated and reported for the
present case of supercritical jets. The computational code was not
written for this situation, but has behaved quite well, con� rming
the hypothesis that a supercritical � ow that looks like a gaseous
� ow can be calculated like a gaseous � ow. The predictions were
compared with measurements and theories and in general show a
good agreement. The jets have quantitativelythe same growth rates
as incompressiblevariable density turbulent jets but at supercritical
pressures. For subcritical conditions, when the � ow deviates from
the gaseous-likebehavior and approachesa more spray-like behav-
ior, the incompressiblegaseous formulation was found inadequate.

The computer program revealed great capabilities to study cryo-
genic jets injected initially at a subcritical temperature into an en-
vironment at a supercritical temperature over a range of subcritical
and supercritical pressures, but different numerical solving models
should be developed to integrate also the two-phase � ow regime.
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